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Abstract. We give a realization of the level zero fundamental representations
W ($k) of the quantum affine algebra U
′
q(g), when g has a maximal parabolic
subalgebra of type Cn. We define a semisimple U
′
q(g)-module structure on Λ(V )
⊗2
in terms of q-deformed Clifford generators, where Λ(V ) is the exterior algebra
generated by the dual natural representation V of Uq(sln). We show that each
W ($k) appears in Λ(V )
⊗2 (not necessarily multiplicity-free). As a byproduct,
we obtain a simple description of the crystal of W ($k) in terms of n × 2 binary
matrices and their (sln, sl2)-bicrystal structure.
1. Introduction
Let g be an affine Kac-Moody algebra and let U ′q(g) be the associated quantum
affine algebra without derivation. For a level zero fundamental weight$k, Kashiwara
introduced a finite-dimensional irreducible U ′q(g)-module W ($k), which is called a
level zero fundamental representation. It is obtained from a level zero extremal
weight module V ($k) by specializing its U
′
q(g)-linear automorphism zk as 1, and it
has a crystal base and global crystal base [14]. By the works of Chari and Pressley [3,
4], any finite-dimensional irreducible U ′q(g)-module is isomorphic to a subquotient of
W ($k1)a1⊗· · ·⊗W ($kr)ar for some (k1, a1), . . . , (kr, ar), where W ($k)a is obtained
by specializing zk as a. We also refer the reader to [6, 10, 12, 16] for previously known
constructions of W ($k) of various types.
The aim of this article is to introduce a realization of W ($k) and its crystal
for a special class of affine Kac-Moody algebras g, which has a maximal parabolic
subalgebra of type Cn, that is, g = C
(1)
n , A
(2)
2n , A
(2)†
2n , and A
(2)
2n−1. Instead of using q-
wedge relations for classical Lie algebras of type B, C, and D, which were derived via
R-matrix by Jing, Misra, and Okado [10], we construct a semisimple U ′q(g)-module
using a homomorphic image of U ′q(g) in a q-deformed Clifford algebra, which has
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a simple description of crystal structure and contains all W ($k) as its irreducible
factor.
More precisely, we consider an exterior algebra Λ(V ) generated by the dual natural
representation V of Uq(sln) ⊂ U ′q(g). Based on the action of q-deformed Clifford
algebra on Λ(V ) due to Hayashi [7], we extend the Uq(sln)-action on Λ(V )
⊗2 to that
of U ′q(g), and show that it is a semisimple U ′q(g)-module with a polarizable crystal
base. The crystal of Λ(V )⊗2 can be identified with the set of n× 2 binary matrices,
whose U ′q(g)-crystal structure has a very simple description (see Figures 1-3). Using
its decomposition into connected components, we show that an irreducible summand
in Λ(V )⊗2 is generated by an extremal weight vector and then isomorphic to W ($k)
or W ($k)−1 for some k (Theorem 5.4). We also obtain an explicit decomposition of
Λ(V )⊗2, where each W ($k) appears at least once but not necessarily multiplicity-
free (Corollary 5.6).
Moreover, from the q-deformed skew Howe duality on Λ(Cn⊗C2) (cf. [2, 18] and
[5, 19] for its crystal version), we observe that there are additional Uq(sl2)-crystal
operators E˜ and F˜ acting on the crystal of Λ(V )⊗2, which commute with those of
Uq(sln) ⊂ U ′q(g). This together with the author’s previous work on classical crystals
of type B and C [17] enables us to characterize the crystal of W ($k) explicitly in
terms of binary matrices and their statistics coming from an sl2-string with respect
to E˜ and F˜ (Theorem 5.8). The (sln, sl2)-bicrystal structure also plays a crucial role
in the decomposition of Λ(V )⊗2.
Acknowledgment The author would like to thank Myungho Kim for helpful
discussion and the referee for careful reading.
2. Background
Let us briefly recall some necessary background on quantum affine algebras and
crystal bases (see [14] for more details and references therein).
2.1. Notations. Let A = (aij)i,j∈I be a generalized Cartan matrix of affine type
with an index set I = { 0, 1, . . . , n } and let g denote the associated affine Kac-
Moody algebra with the Cartan subalgebra h [11, §4.8]. Let {αi | i ∈ I } ⊂ h∗ and
{hi | i ∈ I } ⊂ h be the sets of simple roots and simple coroots of g, respectively,
with 〈hi, αj〉 = aij for i, j ∈ I. We assume that {αi | i ∈ I } and {hi | i ∈ I } are
linearly independent. For r ∈ {0, n}, put Ir = I \ {r} and let gr be the subalgebra
of g associated to (aij)i,j∈Ir .
Let c =
∑
i∈I a
∨
i hi be the canonical central element and let δ =
∑
i∈I aiαi be the
generator of the null roots. Let Λi be the fundamental weight such that 〈hj ,Λi〉 = δij
for i, j ∈ I. We take a weight lattice P such that αi,Λi ∈ P and hi ∈ P ∗ =
3Hom(P,Z). Let ( , ) be a non-degenerate symmetric bilinear form on h∗ satisfying
〈hi, λ〉 = 2(αi, λ)/(αi, αi) for i ∈ I and λ ∈ h∗, and normalized by (δ, λ) = 〈c, λ〉 for
λ ∈ P . Note that (αi, αj) = a∨i a−1i aij for i, j ∈ I.
Let h∗cl = h
∗/Qδ with the canonical projection cl : h∗ −→ h∗cl. Let h∗0 = {λ ∈
h∗ | 〈c, λ〉 = 0 } and h∗0cl = cl(h∗0). Let Pcl = cl(P ), P 0 = h∗0 ∩ P , and P 0cl = cl(P 0).
For i ∈ I, let si be the simple reflection in GL(h∗) given by si(λ) = λ− 〈hi, λ〉αi
for λ ∈ h∗. Let W be the Weyl group of g generated by si for i ∈ I. Note that
W naturally induces an action on h∗0cl , whose image we denote by Wcl, and Wcl is
generated by si for i ∈ I0.
2.2. Quantum affine algebra and crystal base. Let d be the smallest positive
integer such that (αi, αi)/2 ∈ 1dZ for i ∈ I. Let q be an indeterminate and put
qs = q
1/d. Let K = Q(qs). The quantum affine algebra Uq(g) is the associative
K-algebra with 1 generated by ei, fi, and q
h for i ∈ I and h ∈ 1dP ∗ subject to the
relations:
q0 = 1, qh+h
′
= qhqh
′
,
qhei = q
〈h,αi〉eiqh, qhfi = q−〈h,αi〉fiqh,
eifj − fjei = δij ti − t
−1
i
qi − q−1i
,
1−aij∑
k=0
(−1)ke(k)i eje(1−aij−k)i =
1−aij∑
k=0
(−1)kf (k)i fjf (1−aij−k)i = 0 (i 6= j),
where qi = q
(αi,αi)/2, ti = q
(αi,αi)hi/2, and
[k]i =
qki − q−ki
qi − q−1i
, [k]i! =
k∏
s=1
[s]i, e
(k)
i =
1
[k]i!
eki , f
(k)
i =
1
[k]i!
fki ,
for i ∈ I and k ≥ 0. Recall that Uq(g) has a comultiplication ∆ given by
∆(qh) = qh ⊗ qh,
∆(ei) = ei ⊗ t−1i + 1⊗ ei,
∆(fi) = fi ⊗ 1 + ti ⊗ fi,
for i ∈ I and h ∈ 1dP ∗.
We denote by U ′q(g) the subalgebra of Uq(g) generated by ei, fi, and qh for i ∈ I
and h ∈ 1d(Pcl)∗. Let z be an indeterminate. For a U ′q(g)-module M with weight
space decomposition M =
⊕
λ∈Pcl Mλ, let Maff = K[z, z
−1]⊗M be a Uq(g)-module,
where ei and fi ∈ U ′q(g) act by zδ0i ⊗ ei and z−δ0i ⊗ fi, respectively for i ∈ I, and
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wt(zk ⊗ m) = wt(m) + kδ for m ∈ M and k ∈ Z. Here wt denotes the weight
function. For a ∈ K, we define a U ′q(g)-module Ma = Maff/(z − a)Maff .
Let M be an integrable module over Uq(g) or U
′
q(g) having weight space decom-
position M =
⊕
λMλ with dimMλ < ∞ for λ ∈ P or Pcl. For u ∈ Mλ and i ∈ I,
we have u =
∑
r≥0,−〈hi,λ〉 f
(r)
i ur, where eiur = 0 for all r ≥ 0. We define e˜i and
f˜i by e˜iu =
∑
r≥1 f
(r−1)
i ur and f˜iu =
∑
r≥0 f
(r+1)
i ur. Let A denote the subring of
K consisting of all rational functions which are regular at qs = 0. A pair (L,B) is
called a crystal base of M if
(1) L is an A-lattice of M , where L =
⊕
λ Lλ with Lλ = L ∩Mλ,
(2) e˜iL ⊂ L and f˜iL ⊂ L for i ∈ I,
(3) B is a Q-basis of L/qsL, where B =
⊔
λBλ with Bλ = B ∩ (L/qsL)λ,
(4) e˜iB ⊂ B unionsq {0}, f˜iB ⊂ B unionsq {0} for i ∈ I,
(5) for b, b′ ∈ B and i ∈ I, f˜ib = b′ if and only if b = e˜ib′.
Following [1] (cf. [12]), we say that a symmetric bilinear form ( , ) on M is a
polarization if
(2.1) (xu, v) = (u, η(x)v),
for x ∈ Uq(g) or U ′q(g) and u, v ∈M , where η is the anti-automorphism given by
η(qh) = qh, η(ei) = q
−1
i t
−1
i fi, η(fi) = q
−1
i tiei (i ∈ I),
and say that a crystal base (L,B) of M is polarizable if (L,L) ⊂ A with respect to
a polarization on M and B is orthonormal (up to scalar multiplication by ±1) with
respect to the induced Q-bilinear form ( , )0 on L/qsL. If ( , )Mi is a polarization of
Mi (i = 1, 2), then M1 ⊗M2 has a polarization given by (u1 ⊗ u2, v1 ⊗ v2)M1⊗M2 =
(u1, v1)M1(u2, v2)M2 for ui, vi ∈ Mi. If (Li, Bi) is a polarizable crystal base of Mi,
then (L1 ⊗ L2, B1 ⊗B2) is a polarizable crystal base of M1 ⊗M2.
Proposition 2.1 (Theorem 2.12 in [1]). If M has a polarizable crystal base, then
M is completely reducible.
2.3. Level zero fundamental representation. For a regular crystal B, we define
the action of W as follows. For i ∈ I and b ∈ B,
Ssi(b) =
f˜
〈hi,wt(b)〉
i b, if 〈hi,wt(b)〉 ≥ 0,
e˜
−〈hi,wt(b)〉
i b, if 〈hi,wt(b)〉 ≤ 0.
For w ∈W with a reduced expression w = si1 . . . sir , we let Sw = Ssi1 . . . Ssir .
Let uλ be a weight vector of an integrable module M over Uq(g) or U
′
q(g) with
weight λ. Then uλ is called an extremal weight vector of extremal weight λ if there
exists {uwλ}w∈W such that
5(1) uwλ = uλ if w is the identity,
(2) eiuwλ = 0 and f
(〈hi,wλ〉)
i uwλ = usiwλ if 〈hi, wλ〉 ≥ 0,
(3) fiuwλ = 0 and e
(−〈hi,wλ〉)
i uwλ = usiwλ if 〈hi, wλ〉 ≤ 0.
If uλ is an extremal weight vector, we denote uwλ by Swuλ for w ∈W .
For λ ∈ P , define V (λ) to be a Uq(g)-module generated by a vector uλ of weight
λ subject to the relations such that uλ is an extremal weight vector. We call V (λ)
an extremal weight module with extremal weight λ. The notion of extremal weight
module was introduced by Kashiwara and it was proved that V (λ) has a crystal base
and a global crystal base [13]. Note that Swuλ ≡ Swuλ (mod qL(λ)) for w ∈W .
For i ∈ I0, let
$i = Λi − 〈c,Λi〉Λ0 = Λi − a∨i Λ0 ∈ P 0,
which is called a level zero fundamental weight. We have { k ∈ Z |$i+kδ ∈W$i } =
Zdi, where di = max{1, (αi, αi)/2} except in the case di = 1 for g = A(2)2n and i = n.
There exists a U ′q(g)-linear automorphism zi on V ($i) of weight diδ sending u$i to
u$i+diδ. We define
W ($i) = V ($i)/(zi − 1)V ($i),
which is called a level zero fundamental representation of U ′q(g) [14]. They play a
crucial role, especially as building blocks of finite-dimensional U ′q(g)-modules. The
following properties of W ($i) are known, which is a part of [14, Theorem 5.17].
Theorem 2.2.
(1) W ($i) is a finite-dimensional irreducible integrable U
′
q(g)-module.
(2) W ($i) has a global crystal base with a simple crystal.
(3) dimW ($i)µ = 1 for µ ∈W cl($i).
(4) The weight of an extremal weight vector of W ($i) is in W cl($).
(5) The set of weights of W ($i) is the intersection of cl($i+
∑
i∈I Zαi) and the
convex hull of W cl($i).
(6) Any finite-dimensional irreducible integrable U ′q(g)-module with cl($i) as an
extremal weight is isomorphic to W ($i)a for some a ∈ K \ {0}.
3. wedge spaces and level zero representations
3.1. Non-exceptional affine algebras. Throughout this paper, we assume that
g is of type B
(1)
n , C
(1)
n , D
(1)
n , A
(2)
2n , A
(2)
2n−1, D
(2)
n+1 (called non-exceptional affine type
together with A
(1)
n ) following [11] for the labeling of simple roots. Note that g0∩gn =
An−1 and gr (r = 0, n) is one of Bn, Cn, and Dn. Let us denote the type of gr by a
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partition or a Young diagram ♦ as follows:
♦ =

= (1) for Bn,
= (2) for Cn,
= (1, 1) for Dn.
Since the type of g is completely determined by those of gr (r = 0, n), we may
identify the type of g with a pair of partitions ♦ = (♦0,♦n), where ♦r is the type
of gn−r. Since g0∩gn = An−1 is fixed, we may understand that ♦r is determined by
αr for r ∈ {0, n} in the Dynkin diagram of g. This convention will be useful when
we realize W ($i) and its crystal in later sections. For the readers’ convenience, we
list the diagrams of g and the associated pair ♦.
B
(1)
n
©
©
© © ©
  
@@ · · · =⇒
0
1
2 n− 1 n
( , )
C
(1)
n © © © ©⇐==⇒ · · ·
0 1 n− 1 n
( , )
D
(1)
n
©
©
© ©
©
©
  
@@ · · ·  
 
@@
0
1
2 n− 2
n− 1
n
( , )
A
(2)
2n
© © © ©⇐=⇐= · · ·
0 1 n− 1 n
( , )
A
(2)†
2n
© © © ©=⇒=⇒ · · ·
0 1 n− 1 n
( , )
A
(2)
2n−1
©
©
© © ©
  
@@ · · · ⇐=
0
1
2 n− 1 n
( , )
D
(2)
n+1
© © © ©=⇒⇐= · · ·
0 1 n− 1 n
( , )
Here A
(2)†
2n is a different labeling of simple roots of A
(2)
2n , and in this case, we have
$n = 2Λn − Λ0, $i = Λi − Λ0 (i = 1, . . . , n− 1).
73.2. q-deformed Clifford algebra. Let [n] = {n < . . . < 1} be a linearly ordered
set. Consider a q-deformed Clifford algebra Aq = Aq(n) [7], which is the associative
K-algebra with 1 generated by ψa, ψ
∗
a, ωa, and ω
−1
a for a ∈ [n] subject to the
following relations:
ωaωb = ωbωa, ωaω
−1
a = 1,
ωaψbω
−1
a = q
δabψb, ωaψ
∗
bω
−1
a = q
−δabψ∗b
ψaψb + ψbψa = 0, ψ
∗
aψ
∗
b + ψ
∗
bψ
∗
a = 0,
ψaψ
∗
b + ψ
∗
bψa = 0 (a 6= b),
ψaψ
∗
a =
qωa − q−1ω−1a
q − q−1 , ψ
∗
aψa = −
ωa − ω−1a
q − q−1 .
Let Eq be the left Aq-module generated by |0〉 satisfying ψ∗a|0〉 = 0 and ωa|0〉 =
q−1|0〉 for a ∈ [n]. Then Eq is an irreducible Aq-module with a K-linear basis
{ψm|0〉 |m ∈ B } (cf. [7, Proposition 2.1]), where B = { (ma) | a ∈ [n], ma ∈ Z2 }
and ψm|0〉 = ψmnn · · ·ψ
m1
1
|0〉 for m = (ma) ∈ B.
We put
(3.1) Λ(V ) = Eq1 ,
where q1 = q
(α1,α1)/2 is equal to q1/2 for C
(1)
n , q2 for D
(2)
n+1, and q otherwise. One may
regard Λ(V ) as an exterior algebra generated by an n-dimensional space V with basis
{vn, . . . , v1} by identifying ψi1 · · ·ψik |0〉 with vi1 ∧ · · ·∧ vik for n ≤ i1 < . . . < ik ≤ 1.
Here, we understand V as the dual natural representation of Uq(sln) ⊂ U ′q(g). Then
Proposition 3.1 (Theorem 3.2 in [7]). Λ(V ) has a Uq(sln)-module structure, where
ti 7−→ ωi+1ω−1i , ei 7−→ ψi+1ψ
∗
i
, fi 7−→ ψ∗i+1ψi,
for i = 1, . . . , n− 1.
Let ( , )Λ(V ) be a non-degenerate symmetric bilinear form on Λ(V ) such that
(3.2) (ψm|0〉, ψm′ |0〉)Λ(V ) = δmm′ ,
for m,m′ ∈ B. Then it is straightforward to check that Λ(V ) has a polarizable
crystal base (L(Λ(V )), B(Λ(V ))) with respect to ( , )Λ(V ), where
L(Λ(V )) =
∑
m∈B
Aψm|0〉, B(Λ(V )) = {ψm|0〉 (mod qL(Λ(V ))) |m ∈ B }.
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We may identify B(Λ(V )) with B, and we have for i = 1, . . . , n−1 and m = (ma) ∈
B,
e˜im =
m + ei+1 − ei, if (mi+1,mi) = (0, 1),0, otherwise,
f˜im =
m− ei+1 + ei, if (mi+1,mi) = (1, 0),0, otherwise,
(3.3)
where ea ∈ B has 1 at the a-th component and 0 elsewhere for a ∈ [n].
3.3. U ′q(g)-module structure on Λ(V )⊗2. Now, we will construct a U ′q(g)-module
structure on Λ(V ) or Λ(V )⊗2 by extending the action of Uq(sln).
Proposition 3.2. Suppose that ♦r = or for some r ∈ {0, n}. Then Λ(V )
has a Uq(gn−r)-module structure, where the action of Uq(g0∩gn) is as in Proposition
3.1 and t0 7−→ q0ω1, e0 7−→ ψ1, f0 7−→ ψ∗1, if ♦0 = ,t0 7−→ q0ω1ω2, e0 7−→ ψ1ψ2, f0 7−→ ψ∗2ψ∗1, if ♦0 = ,tn 7−→ q−1n ω
−1
n , en 7−→ ψ∗n, fn 7−→ ψn, if ♦n = ,
tn 7−→ q−1n (ωnωn−1)−1, en 7−→ ψ∗nψ∗n−1, fn 7−→ ψn−1ψn, if ♦n = ,
and (L(Λ(V )), B(Λ(V ))) is a polarizable crystal base of Λ(V ) as a Uq(gn−r)-module
with respect to ( , )Λ(V ).
Proof. Suppose that r = n. Then Λ(V ) is a Uq(g0)-module by [7, Theorem 4.1]
with a little modification (cf. [17, Proposition 5.3] on which our presentation is
based on), and (L(Λ(V )), B(Λ(V ))) is its crystal base as a Uq(g0)-module by [17,
Theorem 5.6]. It is also easy to check that (L(Λ(V )), B(Λ(V ))) is polarizable. The
proof for r = 0 is almost the same. 
Under the hypothesis of Proposition 3.2, we have for m = (ma) ∈ B,
e˜rm =

m− en, if r = n with ♦n = and mn = 1,
m + e1, if r = 0 with ♦0 = and m1 = 0,
m− en − en−1, if r = n with ♦n = and mn = mn−1 = 1,
m + e2 + e1, if r = 0 with ♦0 = and m2 = m1 = 0,
0, otherwise.
(3.4)
9Recall that f˜rm = m
′ is determined by the relation e˜rm′ = m. In fact, B is the
crystal of the spin representation (resp. the sum of two spin representations) when
gr = Bn (resp. Dn) [15].
Proposition 3.3. Suppose that ♦r = for some r ∈ {0, n}. Then Λ(V )⊗2 has a
Uq(gn−r)-module structure, where the action of Uq(g0 ∩ gn) is as in Proposition 3.1
and t0 7−→ q0ω1 ⊗ ω1, e0 7−→ ψ1 ⊗ ψ1, f0 7−→ ψ∗1 ⊗ ψ∗1,tn 7−→ q−1n ω−1n ⊗ ω−1n , en 7−→ ψ∗n ⊗ ψ∗n, fn 7−→ ψn ⊗ ψn,
and (L(Λ(V ))⊗2, B(Λ(V ))⊗2) is a polarizable crystal base of Λ(V )⊗2 as a Uq(gn−r)-
module with respect to ( , )Λ(V )⊗2, which is induced from ( , )Λ(V ).
Proof. The proof is similar to that of Proposition 3.2. 
Under the hypothesis of Proposition 3.3, we have for m⊗m′ = (ma)⊗(m′a) ∈ B⊗2
e˜r(m⊗m′) =

(m− en)⊗ (m′ − en), if r = n and mn = m′n = 1,
(m + e1)⊗ (m′ + e1), if r = 0 and m1 = m′1 = 0,
0, otherwise.
(3.5)
Now, we have the following.
Proposition 3.4. Let g be an affine Kac-Moody algebra of type ♦ = (♦0,♦n).
(1) If ♦0,♦n 6= , then Λ(V ) is a finite-dimensional semisimple U ′q(g)-module
with a polarizable crystal base (L(Λ(V )), B(Λ(V ))) with wt(|0〉) = cl($n).
(2) Λ(V )⊗2 is a finite-dimensional semisimple U ′q(g)-module with a polarizable
crystal base (L(Λ(V ))⊗2, B(Λ(V ))⊗2) with
wt(|0〉 ⊗ |0〉) =
2cl($n), if ♦0,♦n 6= ,cl($n), if ♦0 or ♦n = .
Proof. It follows from Propositions 3.2 and 3.3 that Λ(V )⊗N (N = 1, 2) is a U ′q(g)-
module, and (L(Λ(V ))⊗N , B(Λ(V ))⊗N ) is its polarizable crystal base, which also
implies that Λ(V )⊗N is semisimple by Proposition 2.1. 
3.4. Binary matrices and crystal of Λ(V )⊗2. Let M be the set of binary matrices
m = [mab ] (a ∈ [n], b ∈ {1, 2}). For m ∈M, let m(a) = [ma1 ma2 ] be the a-th row
and m(b) = [mab ] the b-th column of m. We put |m(b)| =
∑
amab for b = 1, 2, and
|m| = |m(1)|+ |m(2)|.
By Proposition 3.4 (2), we may regard M as a crystal of Λ(V )⊗2 identifying
m ∈M with ψm(1) |0〉 ⊗ ψm(2) |0〉 ∈ B(Λ(V ))⊗2 = B⊗2.
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Let us describe e˜r for r ∈ {0, n} on M using (3.4), (3.5), and the tensor product
rule of crystals (cf. [8]). This will be useful for the arguments in the next sections
(see Figures 1 and 2, for example).
Let m ∈M be given.
Case 1. ♦r = .
Since e˜nm and e˜0m depend only on m(n) and m(1), respectively, it is enough to
describe them in terms of m(n) and m(1). We have
(3.6) e˜nm(n) =

[ 0 0 ], if m(n) = [ 1 0 ],
[ 1 0 ], if m(n) = [ 1 1 ],
0, otherwise,
e˜0m(1) =

[ 0 1 ], if m(1) = [ 0 0 ],
[ 1 1 ], if m(1) = [ 0 1 ],
0, otherwise.
Case 2. Suppose that ♦r = .
As in Case 1, e˜nm and e˜0m depend only on m(n) and m(1), respectively. We have
(3.7) e˜nm(n) =
[ 0 0 ], if m(n) = [ 1 1 ],0, otherwise, e˜0m(1) =
[ 1 1 ], if m(1) = [ 0 0 ],0, otherwise.
Case 3. Suppose that ♦r = .
It is enough to describe in terms of the 2 × 2-submatrix
[
m(2)
m(1)
]
or
[
m(n)
m(n−1)
]
=[
p q
s t
]
. We have for r = n
(3.8) e˜n
[
m(n)
m(n−1)
]
=

[
p 0
s 0
]
, if
[
p
s
]
6=
[
0
0
]
and
[
q
t
]
=
[
1
1
]
,
[
0 q
0 t
]
, if
[
p
s
]
=
[
1
1
]
and
[
q
t
]
6=
[
1
1
]
,
0, otherwise,
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and for r = 0
(3.9) e˜0
[
m(2)
m(1)
]
=

[
p 1
s 1
]
, if
[
p
s
]
6=
[
1
1
]
and
[
q
t
]
=
[
0
0
]
,
[
1 q
1 t
]
, if
[
p
s
]
=
[
0
0
]
and
[
q
t
]
6=
[
0
0
]
,
0, otherwise.
There is also a Uq(sl2)-crystal structure on M. For each a ∈ [n], we may regard
m(a) as a crystal element over Uq(sl2) with Kashiwara operators E˜ and F˜ such that
E˜[ 0 1 ] = [ 1 0 ], F˜ [ 1 0 ] = [ 0 1 ], and X˜[ 0 0 ] = X˜[ 1 1 ] = 0 (X = E,F ), and
understand m as m(1) ⊗ · · · ⊗m(n). Then M is a (Uq(sln), Uq(sl2))-bicrystal (cf.
[5, 19]). For m ∈M, we put
(3.10) σ(m) = (ε(m), ϕ(m)),
where ε(m) = max{ k | E˜km 6= 0 } and ϕ(m) = max{ k | F˜ km 6= 0 }. Note that if
x˜im 6= 0 for some i ∈ I \ {0, n} and x ∈ {e, f}, then
(3.11) σ(x˜im) = σ(m).
4. Crystal structure on Λ(V )⊗2
4.1. Decomposition of the crystal of Λ(V )⊗2. Suppose that g is of type ♦ =
(♦0,♦n) with ♦0,♦n 6= . Let vn = (0, . . . , 0) and vn−1 = en. Then it is not
difficult to see that
(4.1) B =
C(vn) unionsq C(vn−1), if ♦ = ( , ),C(vn), otherwise,
where C(v) denotes the connected component of v in B as a U ′q(g)-crystal.
Next, suppose that g is of type♦ = (♦0,♦n) with ♦0 or ♦n = . For 0 ≤ k ≤ n
and 0 ≤ l ≤ n− k, let vk,l =
[
v
(1)
k,l v
(2)
k,l
]
∈M be given by
v
(1)
k,l = en + · · ·+ en−l+1, v(2)k,l = en−l + · · ·+ ek+1.
Here we understand ea as a column vector and v
(1)
k,l (resp. v
(2)
k,l ) as a zero vector
when l = 0 (resp. l = n− k). Note that the number of 1’s in vk,l is n− k, while the
number of 1’s in the first column v
(1)
k,l is l. We have e˜ivk,l = 0 for all i ∈ I \ {0, n}
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by (3.3) and the tensor product rule of crystals, where
(4.2) wt(vk,l) =
cl($k), if 1 ≤ k ≤ n,0, if k = 0.
For m ∈ M, let C(m) denote the connected component of m in M as a U ′q(g)-
crystal. Then we have the following decomposition of M.
Proposition 4.1. Suppose that g is of type ♦ = (♦0,♦n) with ♦0 or ♦n = .
Then as a U ′q(g)-crystal,
M =
⊔
(k,l)∈H♦
C(vk,l),
where
H♦ =

{ (k, l) | 0 ≤ k ≤ n, 0 ≤ l ≤ n− k }, if ♦ = ( , ),
{ (k, n− k) | 0 ≤ k ≤ n }, if ♦ = ( , ),
{ (k, 0) | 0 ≤ k ≤ n }, if ♦ = ( , ),
{ (k, n− k) | 0 ≤ k ≤ n } ∪ {(0, n− 1)}, if ♦ = ( , ).
Proof. Let C be a connected component in M with respect to e˜i and f˜i for i ∈ I.
Choose m ∈ C such that |m| is minimal. We may assume that m is of g0-highest
weight since |e˜im| ≤ |m| if e˜im 6= 0 for i ∈ I0.
Case 1. Suppose that ♦ = ( , ). We first note that m(n) 6= [ 1 1 ]. Oth-
erwise, e˜nm 6= 0. Suppose that m(n) = [ 0 1 ]. Then there exists k + 1 ∈ [n] such
that mk′ = [ 0 1 ] for k + 1 ≤ k′ ≤ n and mk′ = [ 0 0 ] otherwise, since e˜im = 0 for
i ∈ I0. This implies that m = vk,0. Suppose that m(n) = [ 1 0 ]. Let k′ + 1 be the
smallest such that mk′+1 = [ 1 0 ]. If mk′ = [ 0 0 ], then mk′ = · · · = m1 = [ 0 0 ]. If
mk′ = [ 0 1 ], then as in the previous case, we have mk′ = · · · = mk+1 = [ 0 1 ] and
mk = · · · = m1 = [ 0 0 ] for some k. This implies that m = vk,l, where l = n − k′.
Hence m = vk,l and C = C(vk,l) for some 0 ≤ k ≤ n and 0 ≤ l ≤ n− k.
Let m′ ∈ C(vk,l) be given. We see from (3.7) and (3.11) that σ(m′) = σ(x˜im′)
for i ∈ I and x ∈ {e, f} with x˜im′ 6= 0, and hence σ(m′) = (n− k − l, l) = σ(vk,l).
Also by the signature rule of tensor product of crystals with respect to Uq(sl2) (cf.
[15, Remark 2.1.2]), we have |m′| ≥ n− k. This implies that C(vk,l) = C(vk′′,l′′) if
and only if k = k′′ and l = l′′ for 0 ≤ k, k′′ ≤ n, 0 ≤ l ≤ n− k, and 0 ≤ l′′ ≤ n− k′′.
Hence we obtain the decomposition of M.
Case 2. Suppose that ♦ = ( , ). As in Case 1, we have m = vk,n−k′ for
some k, k′ with 0 ≤ k ≤ k′ ≤ n. But if k < k′, then m is connected to vk′,n−k′ by
applying f˜i’s for i ∈ { k′ − 1, . . . , 1, 0 } (see (3.6)), which contradicts the minimality
of |m|. Hence, m = vk,n−k, and C = C(vk,n−k).
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Let m′ ∈ C(vk,n−k) be given. Suppose that |m′(1)| < n − k. We may assume
that m′ is of g0-highest weight by (3.7). Then by the same argument as in the
previous paragraph, we see that m′ is connected to vk′,n−k′ with n − k′ < n − k,
which contradicts the minimality of |m|. Hence |m′(1)| ≥ n − k. This implies that
C(vk,n−k) = C(vk′,n−k′) if and only if k = k′ for 0 ≤ k, k′ ≤ n. The proof for
♦ = ( , ) is almost the same.
Case 3. Suppose that ♦ = ( , ). Then we have m = vk,n−k′ for some k, k′
with 0 ≤ k ≤ k′ ≤ n. If k = n, then m = vn,0. If k = 0, then m = v0,n or v0,n−1
since f˜0v0,n−k′ 6= 0 for k′ > 1 by (3.9), which contradicts the minimality of |m|.
Note that C(v0,n) = {v0,n} and C(v0,n−1) = {v0,n−1}.
If 1 ≤ k ≤ n − 1, then m is connected to vk′,n−k′ or vk′−1,n−k′ by applying f˜i’s
for i ∈ { k′ − 1, . . . , 1, 0 }. So, by the minimality of |m|, we must have m = vk,n−k
or vk,n−k−1. On the other hand, let w ∈ W be such that w($k) = $k + δ. For
example, put
(4.3) w = (wkwk−1 · · ·w1)snsn−1 · · · s2s0(wkwk−1 · · ·w2)−1,
where wi = sisi+1 · · · sn−k+i−1 for i ∈ {1, . . . , k}. Then it is straightforward to check
that
(4.4) Swvk,n−k−1 = vk,n−k, Swvk,n−k = vk,n−k−1,
(see Figure 3). This implies that C = C(vk,n−k) = C(vk,n−k−1).
Finally, by similar arguments as in Case 2, we can check that C(vk,n−k) =
C(vk′,n−k′) if and only if k = k′ for 1 ≤ k, k′ ≤ n. Hence we have the decom-
position of M. 
4.2. Decomposition into classical crystals. Suppose that g is of type ♦ =
(♦0,♦n) with ♦0 or ♦n = . For a g0-dominant weight λ ∈ P , let B0(λ) be
the crystal of the irreducible Uq(g0)-module with highest weight λ.
Theorem 4.2. For (k, l) ∈ H♦, we have the following decomposition of C(vk,l) as
a Uq(g0)-crystal :
(1) If k = 0, then C(vk,l) ∼= B0(0).
(2) If 1 ≤ k ≤ n, then
C(vk,l) ∼=

B0(cl($k)), for ♦ = ( , ),⊔k
i=0B0(cl($k−i)), for ♦ = ( , ),
B0(cl($k)), for ♦ = ( , ),⊔[ k
2
]
i=0B0(cl($k−2i))
⊕2, for ♦ = ( , ) with k 6= n,⊔[n
2
]
i=0B0(cl($n−2i)), for ♦ = ( , ) with k = n,
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where B⊕2 = B unionsqB for a crystal B and $0 = 0.
Proof. (1) It is clear since C(v0,l) = {v0,l} and wt(v0,l) = 0 by (4.2).
(2) Case 1. Suppose that ♦ = ( , ). Let m ∈ C(vk,l) be given such that
e˜im = 0 for i ∈ I0. By the same argument as in Proposition 4.1, m = vk′,l′ for
some k′ and l′, which implies that m ∈ C(vk′,l′). Now from the decomposition of
M as a U ′q(g)-crystal in Proposition 4.1, it follows that k′ = k and l′ = l. Therefore,
C(vk,l) is the connected as a Uq(g0)-crystal. Since M is a regular crystal, C(vk,l) is
isomorphic to B0(cl($k)) as a Uq(g0)-crystal by (4.2). The proof for ♦ = ( , )
is almost the same.
Case 2. Suppose that ♦ = ( , ). Let m ∈ C(vk,n−k) be given such that
e˜im = 0 for i ∈ I0. As in Case 1, we have m = vk′,l′ for some k′ and l′. We see that
m ∈ C(vn−l′,l′) by applying f˜i’s to m for i ∈ {n− l′−1, . . . , 1, 0}, and then l′ = n−k
by Proposition 4.1. Hence m = vk′,n−k with 0 ≤ k′ ≤ k. Conversely, for 0 ≤ k′ ≤ k,
we have vk′,n−k ∈ C(vk,n−k) by applying f˜i’s to vk′,n−k for i ∈ {k′, . . . , 1, 0}. Hence
(4.5) C(vk,n−k) =
k⊔
k′=0
C0(vk′,n−k),
where C0(m) denotes the connected component of m as a Uq(g0)-crystal. Finally,
C0(vk′,n−k) is isomorphic to B0(cl($k′)) by (4.2). This proves the decomposition of
C(vk,n−k).
Case 3. Suppose that ♦ = ( , ). Similarly, from the argument in the proof
of Proposition 4.1, we see that if k 6= n, then
(4.6) C(vk,n−k) =
[ k
2
]⊔
i=0
(C0(vk−2i,n−k) unionsq C0(vk−2i,n−k−1)) ,
where both C0(vk−2i,n−k) are C0(vk−2i,n−k−1) are isomorphic to B0(cl($k−2i)).
Also, if k = n, then we have
(4.7) C(vn,0) =
[n
2
]⊔
i=0
C0(vn−2i,0),
where C0(vn−2i,0) ∼= B0(cl($n−2i)). The proof completes. 
4.3. Order 2 symmetry of A
(2)
2n−1-crystals. Let us introduce a symmetry of the
crystal C(vk,n−k) of type ♦ = ( , ) with k 6= n, which will play an important
rule in the next section.
Lemma 4.3. For m ∈ C(vk,n−k), we have σ(m) = (2i, n− k) or (2i+ 1, n− k− 1)
for some 0 ≤ i ≤ [k2 ].
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Proof. Note that σ(vk−2i,n−k) = (2i, n−k) and σ(vk−2i,n−k−1) = (2i+1, n−k−1)
for 0 ≤ i ≤ [k2 ]. Note that σ is constant on each connected component in C(vk,n−k)
as a Uq(g0)-crystal (see Case 1 in the proof of Proposition 4.1). Hence the claim
follows from (4.6). 
By Lemma 4.3, we have C(vk,n−k) = C(vk,n−k)+ unionsq C(vk,n−k)−, where
C(vk,n−k)+ = {m ∈ C(vk,n−k) |ϕ(m) = n− k } =
[ k
2
]⊔
i=0
C0(vk−2i,n−k),
C(vk,n−k)− = {m ∈ C(vk,n−k) |ϕ(m) = n− k − 1 } =
[ k
2
]⊔
i=0
C0(vk−2i,n−k−1).
Now, define a map
ς : C(vk,n−k) −→ C(vk,n−k)
by ς(m) = F˜m (resp. E˜m) if m ∈ C(vk,n−k)+ (resp. C(vk,n−k)−). By definition,
ς2(m) = m for m ∈ C(vk,n−k).
Example 4.4. Let
m =
 1 01 1
0 1
 ∈ C(v1,1).
Then σ(m) = (1, 1) and m ∈ C(v1,1)−. Hence
ς(m) = E˜m =
 1 01 1
1 0
 ∈ C(v1,1)+.
Proposition 4.5. ς commutes with e˜i and f˜i for i ∈ I. Hence ς is an isomorphism
of U ′q(g)-crystals.
Proof. It is straightforward to check that ς commutes with e˜0 and f˜0. Since E˜ and
F˜ (and hence ς) commute with e˜i and f˜i for i ∈ I0, this proves the claim. 
We put C(vk,n−k)/〈ς〉 = {m + ς(m) |m ∈ C(vk,n−k) }, which has a well-defined
I-oriented graph structure induced from C(vk,n−k) (see Figure 3).
5. Realization of level zero fundamental representations
5.1. W ($n) or W ($n−1) of type B
(1)
n , D
(1)
n , D
(2)
n+1. Suppose that g is of type
♦ = (♦0,♦n) with ♦0, ♦n 6= , and vk is a Uq(g0)-highest weight element in B
(k = n, n−1) (see (4.1)). As a Uq(g0)-crystal, C(vk) is isomorphic to B0(cl($k)), the
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crystal of a spin representation. Let vn = |0〉 and vn−1 = ψn|0〉. Then vk is a Uq(g0)-
highest weight vector in L(Λ(V )) such that vk ≡ vk or ψvk |0〉 (mod qsL(Λ(V ))). Let
(5.1) Wk = U
′
q(g)vk.
By (4.1), (L(Λ(V )) ∩Wk, C(vk)) is a crystal base of Wk and
(5.2) Λ(V ) =
Wn ⊕Wn−1, if ♦ = ( , ),Wn, otherwise.
Since all the weights of Wk are minuscule and hence contained in the convex hull of
W cl($k), vk is an extremal weight vector by [14, Theorem 5.3]. Since dim(Wk)cl($k) =
1 and C(vk) is connected, Wk is irreducible (cf.[1, Lemma 2.7]) and therefore
Wk ∼= W ($k)ak for some ak ∈ K \ {0} by Theorem 2.2 (6). Choose w ∈ W such
that w($k) = $k + δ. Note that if w = si1 . . . sit , then Swvk = x
(m1)
i1
. . . x
(mt)
it
vk,
where x ∈ {e, f}, and ms ∈ {0, 1}. Then by Propositions 3.1 and 3.2, it is not
difficult to see that Swvk = vk. Since Swu$k = zku$k in V ($k) and W ($k)a =
V ($k)/(zk − a)V ($k), we have ak = 1. Therefore
(5.3) Wk ∼= W ($k).
We remark that the construction of W ($k) (k = n−1, n) is already well-known. The
decomposition of Λ(V )⊗2 follows from (5.2), (5.3), and simplicity of tensor product
of W ($k)’s [14, Theorem 9.2].
5.2. W ($k) (1 ≤ k ≤ n) of type C(1)n , A(2)2n , A(2)†2n , A(2)2n−1. Suppose that g is of type
♦ = (♦0,♦n) with ♦0 or ♦n = . Let (k, l) ∈ H♦ be given. Since vk,l ∈M is a
Uq(g0)-highest weight crystal element, there exists a Uq(g0)-highest weight vector vk,l
in L(Λ(V )⊗2) such that vk,l ≡ vk,l or ψv(1)k,l |0〉⊗ψv(2)k,l |0〉 (mod qL(Λ(V )
⊗2)). We may
also assume that the coefficient of ψ
v
(1)
k,l
|0〉 ⊗ ψ
v
(2)
k,l
|0〉 in vk,l is 1 after multiplication
by an invertible element in A. We put
(5.4) Wk,l = U
′
q(g)vk,l.
For ♦ = ( , ) with k 6∈ {0, n}, put v±k,n−k = vk,n−k ± vk,n−k−1 and
(5.5) W±k,n−k = U
′
q(g)v
±
k,n−k.
Here vk,n−k−1 is also assumed to be a Uq(g0)-highest weight vector such that vk,n−k−1 ∈
ψ
v
(1)
k,n−k−1
|0〉 ⊗ ψ
v
(2)
k,n−k−1
|0〉+ qL(Λ(V )⊗2).
Proposition 5.1. We have
Λ(V )⊗2 =
⊕
(k,l)∈H♦
Wk,l,
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and Wk,l has a polarizable crystal base (L(Wk,l), B(Wk,l)) with L(Wk,l) = L(Λ(V )
⊗2)∩
Wk,l and B(Wk,l) = C(vk,l).
Proof. Note that L(Wk,l) is invariant under e˜i and f˜i for i ∈ I, and C(vk,l)
is linearly independent subset of L(Wk,l)/qsL(Wk,l). By Proposition 4.1, we have
L(Λ(V )⊗2) =
⊕
(k,l)∈H♦ L(Wk,l), which implies that Λ(V )
⊗2 =
⊕
(k,l)∈H♦ Wk,l, and
(L(Wk,l), C(vk,l)) is a crystal base of Wk,l. The polarizability follows from that of
Λ(V )⊗2. 
Lemma 5.2. For (k, l) ∈ H♦, vk,l is an extremal weight vector of weight cl($k).
Proof. By Proposition 5.1, we have B(Wk,l) = C(vk,l). By Theorem 4.2, we see
that the weights of Wk,l or C(vk,l) belong to the convex hull of W cl($k). Then by
[14, Theorem 5.3], vk,l is an extremal weight vector. 
Lemma 5.3. For w ∈W and (k, l) ∈ H♦, put m = Swvk,l. Then
Swvk,l = ψm(1) |0〉 ⊗ ψm(2) |0〉+
∑
m′∈M\{Swvk,l}
wt(m′)=w(cl($k))
am′ψm′(1) |0〉 ⊗ ψm′(2) |0〉,
for some am′ ∈ qsA.
Proof. When w = 1, vk,l satisfies the above property by our choice of vk,l. In
general, it follows directly from the descriptions of ei and fi (i ∈ I) on Λ(V )⊗2 in
Propositions 3.1, 3.2, and 3.3, and the induction on the length of w (note that Swvk,l
is an extremal weight vector for all w ∈W ). 
Theorem 5.4. Let (k, l) ∈ H♦ be given.
(1) If ♦ 6= ( , ) or ♦ = ( , ) with k ∈ {0, n}, then
Wk,l ∼= W ($k).
(2) If ♦ = ( , ) and k 6∈ {0, n}, then Wk,n−k = W+k,n−k ⊕W−k,n−k and
W±k,n−k ∼= W ($k)±1
Here, W ($0) = W (0) is the trivial U
′
q(g)-module of one dimension.
Proof. (1) Suppose that either ♦ 6= ( , ) or ♦ = ( , ) with k ∈ {0, n}.
Recall that B(Wk,l) is connected and dim(Wk,l)cl($k) =
∣∣C(vk,l)cl($k)∣∣ = 1 by Theo-
rem 4.2. Hence Wk,l is an irreducible U
′
q(g)-module generated by vk,l. When k = 0,
it is clear that Wk,l the trivial U
′
q(g)-module of one dimension. Assume that k 6= 0.
By Lemma 5.2 and Theorem 2.2 (6), Wk,l ∼= W ($k)ak,l for some ak,l ∈ K \ {0}.
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Choose w ∈ W such that w($k) = $k + dkδ. Since dimC(vk,l)cl($k) = 1, we have
Swvk,l = vk,l. By Lemma 5.3, we have
Swvk,l = ψv(1)k,l
|0〉 ⊗ ψ
v
(2)
k,l
|0〉+
∑
m∈M\{vk,l}
wt(m)=cl($k)
amψm(1) |0〉 ⊗ ψm(2) |0〉,
for some am ∈ qsA. Since Swvk,l = ak,lvk,l, we have ak,l = 1, and hence Wk,l is
isomorphic to W ($k).
(2) Suppose that ♦ = ( , ) and k 6∈ {0, n}. Put
L(W±k,n−k) = L(Wk,n−k) ∩W±k,n−k,
B(W±k,n−k) = {m± ς(m) |m ∈ C(vk,n−k)+ }.
Note that B(W+k,n−k) unionsq B(W−k,n−k) is a Q-basis of L(Wk,n−k)/qL(Wk,n−k) since it
is orthogonal. By Proposition 4.5, B(W±k,n−k) is a linearly independent subset of
L(W±k,n−k)/qsL(W
±
k,n−k), which is invariant under e˜i and f˜i for i ∈ I up to multipli-
cation by ±1. This implies that
Wk,n−k = W+k,n−k ⊕W−k,n−k,
and (L(W±k,n−k), B(W
±
k,n−k)) is a pseudo crystal base of W
±
k,n−k (cf. [12]). Moreover,
B(W±k,n−k) ∼= C(vk,n−k)/〈ς〉 as an I-colored oriented graph.
Since B(W±k,n−k) is connected with
∣∣∣B(W±k,n−k)cl($k)∣∣∣ = 1 and v±k,n−k is an ex-
tremal weight vector, we have W±k,n−k ∼= W ($k)a±k,n−k for some a
±
k,n−k ∈ K \ {0} by
the same arguments as in (1).
Finally, let w ∈ W be given such that w($k) = $k + δ. Since Sw(vk,n−k ±
vk,n−k−1) = ±(vk,n−k ± vk,n−k−1) (see (4.4)), we have Swv±k,n−k = ±v±k,n−k by
Lemma 5.3 and hence a±k,n−k = ±1. Therefore, W±k,n−k is isomorphic to W ($k)±1.

Let B(W ($k)) denote the crystal of W ($k) for k ∈ I0.
Corollary 5.5. For (k, l) ∈ H♦ with k 6= 0, we have
B(W ($k)) ∼=
C(vk,n−k)/〈ς〉, if ♦ = ( , ) and k 6= n,C(vk,l), otherwise.
Corollary 5.6. As a U ′q(g)-module, we have
Λ(V )⊗2 ∼=

⊕
0≤k≤nW ($k)
⊕n−k+1, if ♦ = ( , ),⊕
0≤k≤nW ($k), if ♦ = ( , ) , ( , ),
W ($n)⊕W (0)⊕2 ⊕
⊕
1≤k≤n−1
a=±1
W ($k)a, if ♦ = ( , ).
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Remark 5.7. By Theorem 4.2, we recover the decomposition of B(W ($k)) into
Uq(g0)-crystals (see [9] for a more general case of g and W ($k)). For example, if
♦ = ( , ) and k 6= n, then
B(W ($k)) ∼= C(vk,n−k)/〈ς〉 ∼=
[ k
2
]⊔
i=0
B0(cl($k−2i)).
5.3. Description of B(W ($k)). For k ∈ Z, put 〈k〉 = max{k, 0}. By [15, Propo-
sition 2.1.1], we have for m ∈M,
ε(m) = max
 ∑
1≤i≤k
〈mi2 −mi1〉 −
∑
1≤i<k
〈mi1 −mi2〉
∣∣∣∣∣ 1 ≤ k ≤ n
 ,
ϕ(m) = max
 ∑
k≤i<n
{〈mi1 −mi2〉 − 〈mi+12 −mi+11〉}+ 〈mn1 −mn2〉
∣∣∣∣∣ 1 ≤ k ≤ n
 .
By using the result [17] on the crystal of type Bn and Cn, we have the following
characterization of B(W ($k)) (1 ≤ k ≤ n) of type C(1)n , A(2)2n , A(2)†2n , A(2)2n−1 in terms
of binary matrices m in M with constraints on σ(m).
Theorem 5.8. For 1 ≤ k ≤ n, we have the following.
(1) If ♦ = ( , ) or g = C(1)n , then
B(W ($k)) ∼= {m |σ(m) = (n− k, 0) }.
(2) If ♦ = ( , ) or g = A(2)2n , then
B(W ($k)) ∼= {m |σ(m) = (k − l, n− k) for 0 ≤ l ≤ k }.
(3) If ♦ = ( , ) or g = A(2)†2n , then
B(W ($k)) ∼= {m |σ(m) = (n− k, l) for 0 ≤ l ≤ k} .
(4) If ♦ = ( , ) or g = A(2)2n−1, then
B(W ($k)) ∼=
{m |σ(m) = (2l, 0) for 0 ≤ l ≤ [n/2] }, (k = n),{m + ς(m) |σ(m) = (2l, n− k) for 0 ≤ l ≤ [n/2] }, (k 6= n).
Proof. (1) We have B(W ($k)) ∼= C(vk,0) = C0(vk,0) by Corollary 5.5 and Theorem
4.2. Recall that σ(m) = (n− k, 0) = σ(vk,0) for m ∈ C(vk,0) since σ is constant on
C0(vk,0).
Let C = {m ∈ M |σ(m) = (n − k, 0) }. Let m ∈ C be given. By the signature
rule of tensor product of crystals with respect to Uq(sl2) (cf. [15, Remark 2.1.2]),
we see that |m(2)|− |m(1)| = n−k. Let us identify each column m(b) (b = 1, 2) with
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a semistandard tableau T (b) of single-column (1|m(b)|) with entries in [n] such that
a ∈ [n] appears in T (b) if and only ifmab = 1. Let T be a tableau of two-column shape
(2|m(1)|, 1|m(2)|−|m(1)|), whose left (resp. right) column is T (2) (resp. T (1)). Then T
is semistandard by [17, Lemma 6.2]. Since the actions of e˜i and f˜i for i ∈ I0 on T
coincides with those on m (see [17, Section 7.1]), the map m 7→ T gives a Uq(g0)-
crystal (or Uq(Cn)-crystal) isomorphism from C to the set of semistandard tableaux
of shape (2s, 1n−k) (0 ≤ s ≤ k) with entries in [n], and its image is isomorphic to
B0(cl($k)) by [17, Theorem 7.1]. This implies that C = C(vk,0). Hence, we have
B(W ($k)) ∼= {m |σ(m) = (n− k, 0) }.
(2) We have B(W ($k)) ∼=
⊔k
l=0C0(vl,n−k) as a Uq(Cn)-crystal (see (4.5)). Since
F˜n−kvl,n−k = vl,0 and F˜ commutes with e˜i and f˜i for i ∈ I0, F˜n−k : C0(vl,n−k) −→
C0(vl,0) is a Uq(Cn)-crystal isomorphism. On the other hand, C0(vl,0) = {m |σ(m) =
(n − l, 0) } by (1), which implies that C0(vl,n−k) = {m |σ(m) = (k − l, n − k) }.
Hence, we have B(W ($k)) ∼= {m |σ(m) = (k − l, n− k) for 0 ≤ l ≤ k }.
(3) We have B(W ($k)) ∼= C(vk,0) = C0(vk,0). First, we have by the same
argument as in Proposition 4.1 Case 2 that |m| ≥ n − k for m ∈ C(vk,0). Next,
given m ∈ C(vk,0), we can check by (3.6) and induction on |m| that σ(m) = (n−k, t)
for some 0 ≤ t ≤ k, which also implies that |m(2)| = n − k + s, |m(1)| = s + t for
some s ≥ 0.
Let C = {m |σ(m) = (n − k, t) for some 0 ≤ t ≤ k }. Let m ∈ C be given with
σ(m) = (n − k, t) and |m(2)| = n − k + s, |m(1)| = s + t for some s, t ≥ 0. Let
T (b) be the semistandard tableau of single-column (1|m(b)|) corresponding to m(b)
for b = 1, 2. Let T be a tableau of skew shape (2s+t, 1n−k)/(1t), whose left (resp.
right) column is T (2) (resp. T (1)). Then the map m 7→ T gives a Uq(g0)-crystal
(or Uq(Bn)-crystal) isomorphism from C to a set of semistandard tableaux of shape
(2s+t, 1n−k)/(1t) (s, t ≥ 0, 0 ≤ s ≤ k) with entries in [n] by [17, Lemma 6.2],
and its image is isomorphic to B0(cl($k)) by [17, Theorem 7.1]. This implies that
C = C(vk,0) ∼= B(W ($k)).
(4) If k = n, then B(W ($n)) ∼=
⊔[n
2
]
l=0C0(vn−2l,0) as a Uq(Cn)-crystal (see (4.7)).
Since C0(vn−2l,0) = {m |σ(m) = (2l, 0) } by (1), we haveB(W ($n)) ∼= {m |σ(m) =
(2l, 0) for 0 ≤ l ≤ [n/2] }. If k 6= n, then we have B(W ($k)) ∼= {m + ς(m) |σ(m) =
(2l, n− k) for 0 ≤ l ≤ [n/2] } by Corollary 5.5 (see (4.6)). 
Remark 5.9. By [17, Section 7.2], we also obtain an explicit bijection from a
classical crystal C0(vk,0) of type Bn or Cn to that of Kashiwara-Nakashima tableaux
of (non-spinor) single column with length k.
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Figure 1. B(W ($2)) = C(v2,1) of type C
(1)
3 . (This graph was
implemented by SAGE.)
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Figure 2. B(W ($2)) = C(v2,0) of type A
(2)
6 .
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Figure 3. B(W ($2)) of type A
(2)
5 with vertices m + ς(m) for m ∈ C(v2,1)+.
